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Abstract. In this paper we prove the equivalence of the frame property and 
the closedness for a weighted shift-invariant space 

r 

which corresponds to $ = = {(f>i, (j)2 , ■ ■ ■ , (j>r)'^ G {W^y. We, also, construct 
a sequence and the sequence of spaces y^(<i>^'°+^), fc G N, on M, with the 

useful properties in sampling, approximations and stability. 
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1 Introduction 

In this paper, we investigate weighted shift-invariant spaces quoted in the 
abstract by following the methods from ^ and Such spaces figure in sev- 
eral areas of applied mathematics, notably in wavelet theory and approximation 
theory ([5], [5]). In recent years, they have been extensively studied by many au- 
thors (see pi-jSl, HI- US], [12, US, P]). Sampling with non-bandlimited 
functions in shift-invariant spaces is a suitable and realistic model for many 
applications, such as modeling signals with the spectrum that is smoother then 
in the case of bandlimited functions, or for the numerical implementation (see 
[6], [9], [To], [12], [13], [13 )• These requirements can often be met by choosing 
appropriate functions in This means that the functions in $ have a shape 
corresponding to a particular impulse response of a device, or that they are 
compactly supported or that they have a Fourier transform decaying smoothly 
to zero as |^| — ?• oo. 

Weighted shift-invariant spaces V^($), p € [1, oo], where is a weight, were 
introduced for the non uniform sampling as a direct generalization of the space 
y ($) ([I], [H]). The determination of p and the signal smoothness are used 
for optimal compression and coding signals and images (see [5]). 
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The first aim of this paper is to show that the main result of [2] holds in 
the case of weighted shift- invariant spaces which correspond to and ^p, i.e., 
weighted and P spaces, respectively. Namely, we follow [5] and [5B] and 
prove assertions which need additional arguments depending on the weights. 
We show that under the appropriate conditions on the frame vectors, there is 
an equivalence between the concept of p-frames, Banach frames with respect 
to t'P^ and closedness of the space which they generate. A weighted analog of 
Corollary 3.2 from [2S] simplifies a part of the proof of our main result. Although 
another part of the proof follows, step by step, the proof of the corresponding 
theorem in [5], we think that it is not simple at all, and that it is worth to be 
done. 

The second aim of this paper is to construct V"^($^'^+^) spaces with specially 
chosen functions, (j)Q, (jfi, . . ., (j)2k, that generate a Banach frame for the shift- 
invariant space V"^($^'^+^). Actually, we take functions from a sequence 

so that the sequence of Fourier transforms (pi — 9{- + in), i G Z, 6* G C^(K), 
makes a partition of unity in the frequency domain (Z = No U — N, N is the set of 
natural numbers and No — NU {0}). We note that properties of the constructed 
frame guarantee the feasibility of a stable and continuous reconstruction algo- 
rithm in V^($) ([26]). Also, we note that - fc) | fc e Z, i = 1, . . . , r} forms 

a Riesz basis for V"^($) when the spectrum of the Gram matrix [$,<i>](^) is 
bounded and bounded away from zero (see 0). The c?-dimensional case, c? > 1, 
is technically more complicated and because of that it is not considered in this 
paper. 

The paper is organized as follows. In Section [2] we quote basic properties 
of subspaces of weighted and 1^ spaces. The weighted shift-invariant spaces 
are investigated in Section [3l where we presented our first result quoted in the 
abstract, Theorem l3.10l In Section |3] we show relations between the dual of the 
Frechet space p| VF . ,2^/2 (*&) and the space of periodic distributions. The 

case of periodic ultradistributions is obtain by using subexponential growth 
functions. In Section [Sj we use a special sequence of functions {4>k | fc G N} 
to construct a sequence of p-frames. Our construction shows that the sampling 
and reconstruction problem in the shift-invariant spaces is robust. In the final 
remark of Section O we list good properties of these frames. 

2 Basic spaces 

Denote by Ll^^iW'') the space of measurable functions integrable over com- 
pact subsets of W^. For a nonnegative function cj S L\^^{W^) we say that is 
submultiplicative if uj{x + y) < uj{x)uj{y), x, y eM."^ and a function ^ on R'' is 
w-moderate ii iJ,{x + y) < Cuj{x)^{y), x, y G M.'^. We assume that uj is continuous 
and symmetric and both fj, and to call weights, as usual. The standard class of 
weights on R'^ are of the polynomial type uJs{x) — {1 + \x\)^ , s > 0. To quan- 
tify faster decay of functions we use the subexponential weights uj{x) = e"'^''^, 
for some a > and < /? < 1. Weighted spaces with moderate weights 
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are translation- invariant spaces (see [T]). We, also, consider weighted sequence 
spaces ^^(Z"*) with w-moderate weight /x. Recall, a sequence c belongs to ^^(Z'') 
if cfi belongs to £p(Z''). 

In the sequel w is a submultipicative weight, continuous and symmetric and 
fi is w-moderate. Let p G [1, oo). Then (with obvious modification for p — oo) 




Obviously, we have WZ d L'^ d LI d Zl d LI, d Wl d d 

LJ^ and L^, C L^, where 1 < p < q < +00. For p = 1 and w = 1 we have 
£i = Li. We also have C C ^« C for 1 < p < g < +00. From [1] we 
have the following properties. 

1) If / e LP, g e Li and p e [1, then ||/ * .gl^P < ||.g|Ui . 

2) If/eLP, .geM/^ andpe [1,00], then < ll/L- blk^ • 

3) If c e ^P and d d £lj, then holds the inequality ||c * djl^p < ||c||£P ||(i||^i . 

Denote by WCP, p d [l,oo], a space of all 27r-periodic functions with their 
sequences of Fourier coefficients in Let Di and D2 be the sequences of Fourier 
coefficients of 27r-periodic functions Ki and K2, respectively. If Di * D2 d P^, 
then Di * D2 is the sequence of Fourier coefficients of the product KiK2- For 
K = [Ki, . . .,KrY e {WCIY, {T means transpose) define \\K\\iv^ ^ to be the 
£P norm of its sequence of Fourier coefficients. 

In the sequel we use the notation <& = (0i, . . . , 0^)"^. Define ||<I>||-h = 

E where U = L^, or W^, p d [1, «)]. 

We list several lemmas needed to prove our results. Their proofs are analo- 
gous to the proof of the corresponding lemmas in [5] . 

Lemma 2.1. Let f d L^ and g d W^, p d [1, 00]. Then the sequence 

f{x)gix-j)dx} ^^dtl 



and 



< WfWLiMw^. 



Let c = {cijigN d £P and / d L^^, p d [l,oo]. We define, as in their 
semi- convolution / *' c by (/ *' c){x) — J2 '^jfi^ ~ j)^ ^ ^ 
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Lemma 2.2. a) If f e LP and celP,pe [l,oo], then f *' c e LP and 

< ||C||,P||/|U.. 

b) ///e/:P,pe [l,oo], and ceil, then \\f *' c\\cf^ < \\c\UiJ\ f \\ cz . 

c) IffeWP,pe [l,oo], and c eel, then \\f *' c\\w^ < WcWi^WfWwS^ 

d) IffeW^ andceiP,,pe[l,^], then \\f *' 4^1; < \\ch-\\f\\wi- 

3 Characterization of Vp{^) 

In Feichtinger and Grochening extended the notation of atomic decom- 
position to Banach spaces ([lO], [l2]), while Grochening [18] introduced a more 
general concept of decomposition through Banach frames. We recall the defini- 
tion. 

Let X be a Banach space and 9 be an associated Banach space of scalar 
valued sequences, indexed by / = N or / = Z. Let {/„} C X* and S : <d ^ X 
be given. The pair {{fn}neij is called a Banach frame for E with respect to 

eif 

(1) {fn{x)}nei e 6 for each x e X, 

(2) there exist positive constants A and B with < A < B < +oo such that 
A\\x\\x < \\{fn{x)nei}\\9 < B\\x\\x, xeX, 

(3) 5 is a bounded linear operator such that S{{fn{x)}nei) — x, x € X . 

It is said that a collection {(j>i{- — j) \ j G Z"^, 1 < i < r} is a p-frame for VP{^) 
if there exists a positive constant C (depending on $, p and uj) 

c-i/IU. <^||{ / f{x)Mx-j)dx} \\^^<c\\fh., fevp{<f). 
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(3.1) 

A typical application is the problem of finding a shift-invariant space model 
that describes a given class of signals or images (e.g. the class of chest X-rays). 
The observation set of r signals or images /i, . . . , may be theoretical samples, 
or experimental data. 

Recall [Tj, the shift- invariant spaces are defined by 

r 

V/:m := {/ e LP^ I /(.) =J2J2^) '^'(- - j)' i^hez^ &il,l<^<r}. 

Remark 3.1. If $ e ^ is cj-moderate, then Vp{^) is a subspace (not 

necessarily closed) of and WP for any p € [l,oo]. If r = 1 and {(f>{- — j) \ j G 
Z''} is a p-frame for VP{(f>), then V^(0) is a closed subspace of and WP for 
p e [l,oo] (see [23]). 
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Let[$,$](0= E 0z(e + 2fc7r)0j(e + 2fc7r) 



where we assume 



l<i<r, l<j<r 



that 4>i{04'jiO is integrable for any I < i, j < r. Let A = {a{j))j^j^d be an 



r X 



oo matrix and 



Then rank A = rank A^^. 



jeZd Jl<i,i'Sr 

Also, since [<&,$] (^) is continuous (as a function with components) for 
any $ e (^2.)'': it follows that e M'' | rank [$(^ + 2fc7r)fegz<'] > ^0} is an 
open set for any fcg > and $ G ('C^)'^- 



Denote by the family of all a-slant matrices A — [a{j, k) 



with 



where is a weight on M'' and a is a positive number. The slanted matrices 
appear in wavelet theory, signal processing and sampling theory (see [25]). Note 
^a" fo'" weight /i where /ip = 1 is the trivial weight. 

We assume in this subsection that $ = (0i, . . . , (ji^y & i^ZY i'o'' P ^ [1, 00). 

To prove Theorem 13.101 we need several lemmas. First we recall a result 
from 0. 

Lemma 3.2 ([!]). The following statements are equivalent. 

1) rank [$(1^ + 2jTT)j^^d'\ is a constant function on . 

2) rank[$, <I>](^) is a constant function onW^. 

3) There exists a positive constant C independent of ^ such that 



The proofs of the following two lemmas are similar to proofs of the corre- 
sponding lemmas from [5]; hence we will not include them here. The second 
one provides a localization technique in Fourier domain. It allows us to replace 
locally the generator $ of size r by "ifi^x of size fcp. 

Lemma 3.3. All the entries of [$,<i>](^) belong to yVC]^ and are continuous. 

Lemma 3.4. Let the rank[<i>(^ + 2j7r)jgZ£i] — fcg > 1 for all ^ e M'^. Then there 

exist a finite index set A, points rj\ G [— tTjTt]"^, < (5a < 1/4, a nonsingular 

211 -periodic r x r matrix -Pa(C) with all entries in the class WC;^ and K\ C Z'' 

with cardinality fco for all A £ A, .such that: 

(*) U B{ri\,6x/2) D [— 7r,7r]'*, where B{xo,S) denotes the open ball in B.'^ 
AeA 

with center xq and radius S; 

$i,A(e) 



(zz) Pxiom 



, ^ e M'', A e A, where ^i^x and '52, 



*2,A(e) 

functions from M.'^ to and C^~^° , respectively, satisfying 

rank [^i,x{^ + 2kT:)keK^] = fco, C e B{r]x,25x), 



X are 
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$2^(0=0, ^eB(?7A,8(5A/5) + 27rZ'^. 

Furthermore, there exist 2-k -periodic C°° junctions h\, AeA, on such that 

E hxiO = 1; C e W^, and supphx C B{j]x,5x/2) + 2tiZ'^. 
AeA 

The next lemma is needed for the proof of Theorem 13.101 Although the 
formulation is not the same as Lemma 3], the proof is based on the same 
procedure, and we omit it. 

Lemma 3.5. (a) Let (p £ if p G [l,oo) and cj) e if p — +oo. Assume 
that E (/){■ + j) = 0. Then for any function h on which satisfies 



= 0. 



we have 

lirn 2-4j2h{2-m--j] 

n— f+C30 II ^ — ' 

(6) Let ^j.{x) = e"l^l^ Let (j) e if p e [l,oo) and (j) e if p ^ +oo. 
Assume that ^ (/){■ + j) = 0. Then for any function h on M.^ which satisfies 

\h{x)\ < Ce-("+'^+i)l^l', \h{x) - h{y)\ < C\x - y\e-i^+d+m+min{\.\^,\vn) ^ 
we have 



Mm 2-"'^ V hi2-^^m-~j) 



= 0. 



Next, we give a result on the equivalence of -^^-stability of the synthesis 
operator Sg, for a different p G [1, oo] (see [25]; here we have A = {1,2,..., r}). 

Proposition 3.6. Corollary 3.2] Let $ = . . . ,(j)rY & (W^Y , P G 

[l,oo] and pL is ui-moderate. Define the synthesis operator 5$ : (^^(Z'^))'' i— 
by 

r 

If the synthesis operator Sij, has i^^- stability for some p G [1, oo], i.e., there exists 
a positive constant C such that 

C-^||c||(,p(z.)). < < a||c||(,P(^.))., (3.2) 

for all c G {£^{Z'^)Y , then the synthesis operator Sg, has £J^-stability for any 
q G [l,oo]. 

As a consequence of the previous proposition, we have the next result. 
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Proposition 3.7. Corollary 3.3] Let p G [1, oo] and $ = . . . , c^^)^ G 
{W^y , and /i Lu-moderate. If the synthesis operator 5$ has £^-stability, then 
there exists another family 5* = (^i, . . . jipr)'^ G {W^Y such that the inverse of 
the synthesis operator 5$ is given by 

{S^y'if) = { I f{x)Ux~j)dx\ / e V^. 

Proposition 13.61 and 13.71 imply: 

Theorem 3.8. Let $ = (0i, . . . , ^r)"^ e Po S [l,oo], and /i is cj- 

moderate. Then the following three statements are equivalent. 

a) The synthesis operator has -stability. 

b) VP" ($) is closed in L^f . 

c) There exists ^ ~ {ipi, . . . , ipr)^ G O^i^Y r such that 

V 

i— 1 j^JJ^ 

Also we have the next assertion. 

d) If the synthesis operator has ^If^ -stability, then the collection {<])%{■— j) | 
j e Z'^, 1 < i < r} is a po-frame for VP"{^). 

Proof. The implication a) =^ c) is a consequence of Proposition l3.6l (see Propo- 
sition [XT]) • 

c) ^ a): Let / = E E {f,M—j))M--j) and 

i=i jez<* 

c' = {{f,M- - l<i<r. 

Then 

l|c|lra'-=E||{ / f{x)M^ -j)dx}^ <C||/|L™, 

r 

where C = E llV'illwi- Using Lemma HT] and the inequality (|2.2p . we obtain 

the right-hand side of p.2p . 

The equivalence a) <J4> &) follows from standard functional analytic arguments 
(see [21 Theorem 2, Lemma 4]). 

d) Lemma [O implies that {(/,(/)i(- - j))} £ ^Jl", 1 < i < r, and 

^||{ / f{x)U^-j)dx}^^^^ < ll/IL^Ell'^'llw^^- 
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Now, ^^-stability implies 

r „ 



□ 



Remark 3.9. Note that €^-stability of the synthesis operator imphes f-^-stabihty, 
for any q £ [l,oo] so the statements &), c) and d), do not depend on 

P e [1,00]. 

Now, we give our main result. 

Theorem 3.10. Let $ = (^i,...,^^)^ G {W^f , po G [l,oo], and jl IS UJ- 
moderate. Then the following statements are equivalent. 

i) VP° ($) IS closed m Lf^" . 

m) - j) I j e Z'', 1 < i < r} is a po-frame for 

Hi) There exists a positive constant C such that 



iv) There exist positive constants Ci and C2 ( depending on $ and uj ) such 
that 

r 

CiII/IL™ < mf U^)},ez4co < C2II/IL™, / e VP°{^). 
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(3.3) 

v) There exists ^ — (V'l, • ■ - , ipr)'^ € {^(!jY y such that 

r r 

/ = E E if^M-j))M-j) = E E (f'M-j))M-j), f e VP"{<f). 

Proof. If the synthesis operator has ^^-stability, then the statement iv) is sat- 
isfied. Conversely, if the statement iv) is satisfied, then the right-hand side of 
(|3.2p (with p ~ pq) immediately follows. Using c) from Theorem 13. 8[ we ob- 
tain the left-hand side of (13. 2p . Hence, by Theorem 13.81 we have i) <^ iv) and 
iv) ii). The equivalence iv) <^ t;) follows from Lemma |2. II 

We follow [2] to prove Hi) u) and ii) => iiz), and carefully check the use 
of weights. 



tU) ^ v). Let B^iO = i/A(C)PA(0^ L'i.A,^«.,.jvs; J p^(^)^ 

for /ia(0, ^^(0 and $i,a as in Lemma [331 We have Ba(0 G WCJi, for ah 



$1,A,$1,A 
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p e [l,+oo]. Define $(0 = E hx{OB\{0^{0- One has * 6 P^i- For 

AeA 

any / e define g{x) = E E (/, V'^(a; - " j), a: G R"*. Since 

/ e ^^r('i'), tliere exists a 27r-periodic distribution A{^) e VVC^ such that 

m = MVHO- By Lemmam we have giO = /(O- 

Since $(0 - E h^iOBxmiO: for / - E E (/, " - j) the 

proof is similar. 

ii) =^ Hi). Let kg = min rank + 2kTr)i;^^d'^ and let 



= e M"* I rank + 2fc7r)fegz.] > fco}- 

Then flko 7^ M''. It is sufficient to prove that 57^^ = (see Lemma IX^ . Suppose 
that 7^ 0. Since flto is open set, then dV,kg ^ and rank [$(^o+2fc7r)] ^^^^ = 
fco, for any ^0 6 dV,ko, and max rank [$(^ + 2fc7r)]^ > ko, S > 0. By 

Lemma 13.41 there exist a nonsingular 27r-periodic r x r matrix P^^ (^) with all 
entries in the class VVClj, Sq > and Kq C Z'' with cardinality fcp. Define Vl/^o, 
as in Lemma 15^ The construction of and ((^ imply G W^. 

Choose TT-o such that 2""° < Jo and define Hn,(g{^) and -ffn,^o(0 in 

[2]. For any 27r-periodic distribution F G WC^" define, for n > no + 1, as in 

[2]. Note that 5„ G V^^^^C*) and $1,50] (0 = 0. This leads to 

< c||<?„|L™||^-i(i7„,e„(0*2,?o(0)ll£~- 

Using Lemma [531 we obtain lini \\J-^^ {Hn. fg{^)'^2 fo{£.))\\c°^ — 0- There 

exists a sequence p„, n > uq, such that || [ffn, $](C) Lj;o, ^ PnllffnlliPo and 
lim p„ — 0. This, together with the assumption ii) and 

n— f+oo 

II lie. = ||{ / 5"(^)^(^^^^}^.g^JLpo ^ ^llff»llL^°' 

leads to (7„ = 0, 71 > Tio + 1- Then 

^",Co(0[$i,Co,$i,Co](OK(0)"'$i,Co(0 = i?«,Co(0$2,Co(0, (3.4) 
for any 27r-periodic distribution F G WCj^" and n > tiq + 1. We, also, get 

^r.?o(0[$i.?o,$i.Co](OK(e))"'$i.Co(0 - 0, ^ G B{^o, 2-""-^) + 27rZ''. 

So, from (|3.4p and the fact that it is valid for all n > no + 1, we have ^'2.50 (0 = 0, 
£, G P(Co,2-"o-3) 2T:jd_ rpj^ig contradicts the fact that $2.^0 (0 7^ 0, G 
B{£,o,5) + 2ttZ'^,0 <5 <25o. 

With this we complete the proof ii) => Hi) and the proof of the theorem. 

□ 
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Remark 3.11. Note that conditions in Theorem 13.81 and Theorem 13.101 do not 
depend on p G [1, oo], so we obtain the next corohary. 

Corollary 3.12. Let $ e (W^)'' and po e [l,oo]. 

i) If{M--j) h' e Z^l < I < r} isapo-frameforVP«{^), then {<!),{■- j) \ 
j S Z'', 1 < i < r} is a p-frame for V^($), for any p € [1, oo] . 

a) IfVP°{^) is dosed in L^f and WP° , then VP{<t>) is dosed in LP^ and WP, 
for any p G [1, oo]. 

Remark 3.13. {v) =^ (ii) imphes that — j) \ ^ < i < r, j E Z'*} is a dual 

p-frame of {4>i{- — j) \ I < i < r, j G Z"*}. So, the p-frame for VP{^) is a Banach 
frame (with respect to iP). 



4 Connections with periodic distributions 

We will use the notation Vf instead of V^i^^^^2y/2 (similarly for £p). Since 
£P and Vf are isomorphic Banach spaces for all s > and p € [1, cxd], we have 
VP{<^>) C V;P($) for < S2 < si, p G [l,oo]. We define Frechet spaces Xp^p, 
p G [1, (X)], as' Xp.p = n Clearly, Xp^p is dense in V7($) for all s G Nq. 

The corresponding sequence space is Qp.p = C\ ^sj P € [l,oo], which is the 

space of rapidly decreasing sequences s. By Corollary 13. 121 it follows that the 
definition of Xp_p does not depend on p G [1, oo]. So we use notation Xp, Qp 
instead of Xp^p, Qp^p. The set {$(■ — k) | fc G Z'^} forms a F-frame for Xp 
since it forms a Banach frame for every space in the intersection (see for 
the definition). 

Since the corresponding function space for s is the space of rapidly decreasing 
functions S = {f \ ||/||„ = sup(l + \x\^)"'/^\f^"'> {x)\ < +oo}, and its dual is 

n<m 

iS'- the space of tempered distributions, we obtain that the dual space Xp is 
isomorphic to (a complemented subspace of) S' . 

Denote by V{—7t, tt) the space of smooth 27r- periodic functions on Mf^ with 
the family of norms \9\k = sup{|6'('') (i)| ;i G (-7r,7r)}, k G Nq. It is a Frechet 
space and its dual is the space of 27r-periodic tempered distributions. We say 
that T is a 27r-periodic distribution if it is a tempered distribution on M.'^ and 
T = T{- + 2j7r), for all j G Z''. Denote by 7-"(— 7r,7r) the space of periodic 
tempered distributions (see [23]). Recall that J-{h) = h = J^g.^ c^'^'^^^*' h{t)dt 
for he L^. 

Theorem 4.1. Let ^ = {(j>i, . . . , (j)r)'^ <E f] {W}y and "if = {ipi, . . . ,il;rV be 
its dual frame (according to v) of Theorem \3.10^ . Then 

r r 
i=l i=l 
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in the topological sense. Let 

r r 

f = J2J2 4M—P) and F = Y,J2 d)M--j) e ^F- 

The dual pairing is given by 

{Fj) = j2j2{MOM-o E d^^""''^, E (4.1) 

i=l k=l jgZ'' pgZ'' 

where / = E E ^M' - p) e Xp and F = f: E d]^- - j) e ^f- 
fc=i pez<* »=! jezd 



In particular, we have / tpi^pkdt = / ^)d^ = 5ik, 1 < i,k < r 



Proof. Since E c^e'^'^^^^P^ G V{—Tr, tt), we obtain the structure of / G as 

in the theorem. The same explanation works for Xp. 

By the fact that {F{x)J{x)) = {F{£_), /{-£_)), we have that fohows. 

Let dg — Sik, i — 1, . . . , r, and = 0, j 7^ 0, and, also, let Cq = 5ik for 
fc = 1, . . . , r and = 0, p ^ 0. Using that, we obtain 

{mjm - EE(^.(o,^A^(-eK,cS) = j Mo^kA-m. i < fco < r. 

On the other hand f(x) — {f{x),iljk„{x))(l)ko{x) and / — (f)k„ for some 1 < 
/eq < r, so we obtain (/,V'fco) = 1- Since = ipko, we get (i^, /) = (/, -^feo) = 1- 

Finally, we have J ipi{£,)i'k{-£,)'^£, ^ 6ik, ^ < i,k < r. □ 

Let /3 G (0, 1). Now, we consider weights /ife = Qk\xf ^ k € N, and the co- 
rresponding spaces V^j.(<&) and their intersection X^p}^ — f] y^^(<i>). It is a 

Frechet space not depending on p, so we use notation x'^\ The correspond- 
ing sequence space is s*^''-' — f] i^^, i.e., the space of subexponentially rapidly 

fceN 

decreasing sequences determining the space of periodic tempered ultradistribu- 
tions via the mapping s^^'^ 5 {<^j)jeZ'' ^ E aj-e^^^'^ G ■p(— 7r,7r) (see f^). 



5 Construction of j9-frames 

Let 6* be a smooth non negative function such that 9{x) = 1, a; £ [—n + e, tt — e], 
for < e < I;, and supp6' C [-7r,7r]. Let (j)k{x) = J'"^(6'(- + kn)){x), x e R, 
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fc S Z. Wc can divide every 9{- + kw) with the sum X^feez + ^''^) order 
to obtain the partition of unity. By the Paley- Wiener theorem, we have that 
(j)k G W^{M.), k G Z. We say that set . . . ii < 12 < ■•■ < v, is 

a set of r successive hmctions if i„ = ii + (n — 1), n = 2, . . . , r. Note that for 
every ^ e M there exist G (— tt, tt) and A; G Z such that ^ = Co + kir. 

Now, we consider the following three cases. 
1° The case of two successive functions. 

If $ = i g Z, then rank[c&(C + 2j7r)jgz], ^ G M, is not a constant 

function on R. In this case, for the matrix [$(C + 2j7r)jgz], we obtain the 2 x 00 
matrix 



a, 







Jo 



Co 



0-- 
0-- 



0i^o) and 



which depends on G (— 7r,7r), where a 

For Co = f > we have 7^ 0, al\ 7^ 0, and for Co = -f, we have af ^ 0, 
7^ 0. Since rankA(Co) = 1 and rankA(Co) = 2, we conclude that for 
successive functions i G Z, the rank of the matrix [$(C + 2j7r)jez] is 

not a constant function on R. 

2° The case of three successive functions. 

If $ = {(t>i,(i>i+i,(t>i+2)'^ , i G Z, then rank[>I>(C + 2j7r)jgz] is a constant 
function on M. We have that rank[$(C + 2j7r)jgz] = 2, for aU C G K. 

Indeed, the matrix [$(C + 2jiT)j^z], C G M, is 3 x 00 matrix 










4" 








S(Co) = 
























4° 





which depends on Co G (— 


7r,7r), 


where al°i = 


e(Co 



r), 4" = 0(Co) and 
a{° = 6l(Co + tt). Since, 6'(Co) ¥= for all Co G (-7r,7r), the matrix B(Co) has 2 
columns with non-zero elements for all Co G {—tt, tt). So, rank[<I>(C + 2j'7r)jgz] is 
a constant function on R and rank[$(C + 2j7r)jez] = 2, for all C G R. 
3° The case of r > 3 successive functions. 

By taking r + 1 successive functions 4>i+i, . . . , 4'i+r, r > 2, we have dif- 
ferent situations described in the next lemma. 



Lemma 5.1. a) If ^ ~ . . . ,(j)i+r)'^ , fori G Z, r G 2N + 1, then 

rank[<l>(C + 2j7r)jgz] is not a constant function on R. 

b) // $ = (l>i+i, (f>i+r)'^, i e Z, r e2N, then rank[$(C + 2jTv)jei,] 
is a constant function on R and we have, for all C G R, and r = 2n, n G N, 
rank[$(C + 2j7r)jgz] = n + 1. 

Proof. Since supports of products (C + 2ji7r)(/>j2 (C + 2^2^) are non-empty if 
the arguments are of the form C ~ ""i Ci C + ""i modulo 2jiT, j G Z, we have that 
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only blocks with elements 



+ 27r) 
+ n) 



or 



0(e - tt) 

Oi^ - 27r) 



+ tt) 



can determine the rank of the matrix [$(^ + 2j'7r)jgz]- For any other choice of 
2x2 matrix, we get determinant equal 0. 

(a) Let $ = (0,, 04+1, . . . , 0j+(2„-i))'^, n£N. 

For the matrix [<i>(f + 2j7r)jgz], we obtain the r x oo matrix 





r ••• 








•• 


• 







■ • • 







■ • 


• 







... 


"0 





• • 


• 







... 
... 





4° 

a.Q 


■ • 
• • 


• 

• 








... 








■ • 









. ••• 








• • 




4" ■■■ . 



where a 



e{^o - tt), 4° = 0(Co) and af = 0(^0 + tt), Co G (-^, tt) 



For ^0 = f > we have 4° ^ 0, a% ^ 0, and for = -f , we obtain a^" ^ 0, 

OL^ ^ 0. Since rankAr(^Q) — n and rank (Co) — n + 1, we conclude that for 
even number of successive functions . . . , (/'i+(2n-i)j « G Z, n G N, the 

rank of the matrix [$(C + 2j7r)jgz] is not a constant function on R. 



(b) Let $ 



i+2n) , « G Z, n G N. The matrix 



[1>(C + 2j7r),ez] = 



... 
... 

has the constant rank on R. 
matrix [$(C + 2j7r)jgz] has n 






a.Q 











•• 










4° 








•• 



















•• 


















•• 






«0 



Jo 



and rank[$(C + 2j7r' 



Indeed, since 4° for all Co G (— 7r,7r), the 
■f 1 columns with non-zero elements for all C G M 
f 1, for all C G M. 

□ 



As a consequence of Corollarv 13.101 and Lemma l5.ll 1° we have the next 
result. 

Theorem 5.2. Let $ = {(j)i,(p,+i, (f>i+2nV , for i e Z, n e N. Then VP{<^) 
is closed in L^, for any p G [1, oo], and {(pi+si' ^ i) I J G Z, < s < 2n} is a 
p-frame for VJ'($) for any p G [1, oo]. 
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Remark 5.3. In this way we obtain the sequence of closed spaces VJ((/)o, </'i, 4'2), 
VP{(f>o,(f>i,(f>2,4'3j4'4): ^(</>o, </>2, ■ • ■ , 06), etc. We also conclude that spaces 
generated with even numbers of successive functions, for example V^(0o,0i)5 
VP{(f>o,(f>i, . . . , ^s), are not closed subspaces of L^^. 

Theorem 5.4. Let $ = (0^^ , , . . . , ^^J^, fci < ^2 < • ■ • < fc^, r e N, 
ki, ^2, ■ ■ ■ , kr (z Z, and Vj^^ j,^ k ~ ^^(^)- consider the following cases. 

i) ki+i - /ci > 1, i = 1, . . . , r - 1; 

ii) If for some io e {l,2,...,r} holds fcig+i — /c^q = 1, then there exists 
n G N, 2 < 2n < r, such that ki^ +2, fci„ + 3,. . . , fci„ + 2n are elements of 
the set {ki, . . . , fc,.}. 

In these cases the following statements hold. 

1° rank[$(^ + 2j7r)jgz] is a constant function for all ^ G R. 

2° VP{^) is closed in LP for any p G [1, oo]. 

3° {4'ki (■ ~ j) I J G 2, 1 < i < *s a p-frame for V^^^) for any p £ [1, oo]. 

Remark 5.5. (1) We refer to g] and [2B] for the 7-dense set X = {xj \ j G J}. 
Let (f>k{x) = F^^{9{- — kTr)){x), a: G K. Following the notation of [Mj, we 
put ipxj — 4>xj where {xj \ j £ J} is 7-dense set determined by / G V'^{4>) = 
V"^ {F~^ {9)) . Checking the proofs of Theorems 3.1, 3.2 and 4.1 in [26 , we obtain 
the same conclusions as in these theorems. These theorems show the conditions 
and explicit Cp and Cp such that the inequality 

holds. This inequality guarantee the feasibility of a stable and continuous re- 
construction algorithm in the signal spaces y^($). 

(2) Since the spectrum of the Gram matrix [$, for $ defined in The- 
orem [5?31 is bounded and bounded away from zero (see [5]), then the family 
{$(. _ j') \ j £ Z} forms a p-Riesz basis for VP{^). 

(3) For the appropriate choice of function for example $ defined in The- 
orem 15. 4[ the associated Gram matrix satisfies a suitable Munckenhoupt A2 
condition (see [21]), so the system {$(• — j) | j G Z} is stable in i^(R). 

(4) Frames of the above type may be useful in applications since they satisfy 
assumptions of Theorem 3.1 and Theorem 3.2 in [5]. They show that error 
analysis for sampling and reconstruction can be tolerated, or that the sampling 
and reconstruction problem in shift-invariant space is robust with respect to 
appropriate set of functions , . . . , (pk^ ■ 
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